We review finite-time future singularities in modified gravity. We reconstruct an explicit model of modified gravity realizing a crossing of the phantom divide and show that the Big Rip singularity appears in the modified gravitational theory. It is also demonstrated that the (finite-time) Big Rip singularity in the modified gravity is transformed into the infinite-time singularity in the corresponding scalar field theory obtained through the conformal transformation. Furthermore, we study several models of modified gravity which produce accelerating cosmologies ending at the finite-time future singularities of all four known types.
I. INTRODUCTION
Recent observations confirmed that the current expansion of the universe is accelerating. There are two approaches to explain the current accelerated expansion of the universe. One is to introduce some unknown matter, which is called "dark energy" in the framework of general relativity. The other is to modify the gravitational theory, e.g., to study the action described by an arbitrary function of the scalar curvature R. This is called "F (R) gravity", where F (R) is an arbitrary function of the scalar curvature R (for reviews, see [1, 2] ).
According to the recent various observational data, there exists the possibility that the effective equation of state (EoS) parameter, which is the ratio of the effective pressure of the universe to the effective energy density of it, evolves from larger than −1 (non-phantom phase) to less than −1 (phantom one, in which superacceleration is realized), namely, crosses −1 (the phantom divide) currently or in near future. Various attempts to realize the crossing of the phantom divide have been made in the framework of general relativity. Recently, a crossing of the phantom divide in modified gravity has also been investigated [1, 3, 4, 5] . Moreover, it is known that modified gravity may lead to the effective phantom/quintessence phase [1] , while the phantom/quintessence-dominated universe may end up with finite-time future singularities, which can be categorized into four types [6] .
In the present article, we review finite-time future singularities in modified gravity. Following the considerations in Ref. [5] , we reconstruct an explicit model of modified gravity realizing a crossing of the phantom divide by using the reconstruction method proposed in Refs. [7, 8] . We show that the Big Rip singularity appears in this modified gravitational theory, whereas that the (finite-time) Big Rip singularity in the modified gravity is transformed into the infinite-time singularity in the corresponding scalar field theory. Next, following the investigations in Ref. [9] , we explore several examples of F (R) gravity which predict the accelerating cosmological solutions ending at the finitetime future singularities. It is demonstrated that not only the Big Rip but other three types of the finite-time future singularities may appear.
This article is organized as follows. In Sec. II we explain the reconstruction method of modified gravity [7, 8] . Using this method, we reconstruct an explicit model of modified gravity in which a crossing of the phantom divide can be realized. We also consider the corresponding scalar field theory. In Sec. III we present several models of F (R) gravity which predict accelerating cosmologies ending at the finite-time future singularities by using the reconstruction method. Finally, summary is given in Sec. IV. We use units in which k B = c = = 1 and denote the gravitational constant 8πG by κ 2 , so that
GeV is the Planck mass.
II. MODIFIED GRAVITATIONAL THEORY REALIZING A CROSSING OF THE PHANTOM DIVIDE
We investigate modified gravity in which a crossing of the phantom divide can be realized by using the reconstruction method.
A. Reconstruction of modified gravity
First, we review the reconstruction method of modified gravity proposed in Refs. [7, 8] (for the related study of reconstruction in F (R) gravity, see [10] ).
The action of F (R) gravity with general matter is given by
where g is the determinant of the metric tensor g µν and L matter is the matter Lagrangian. The action (2.1) can be rewritten to the following form by using proper functions P (φ) and Q(φ) of a scalar field φ:
The scalar field φ may be regarded as an auxiliary scalar field because φ has no kinetic term. Taking the variation of the action (2.2) with respect to φ, we obtain
which may be solved with respect to φ as φ = φ(R). Substituting φ = φ(R) into the action (2.2), we find that the expression of F (R) in the action of F (R) gravity in Eq. (2.1) is given by
Taking the variation of the action (2.2) with respect to the metric g µν , we find that the field equation of modified gravity is given by
where ∇ µ is the covariant derivative operator associated with g µν , ≡ g µν ∇ µ ∇ ν is the covariant d'Alembertian for a scalar field, and T
(matter) µν
is the contribution to the matter energy-momentum tensor. We assume the flat Friedmann-Robertson-Walker (FRW) space-time with the metric ds
, where a(t) is the scale factor. In this background, the (µ, ν) = (0, 0) component and the trace part of the (µ, ν) = (i, j) component of Eq. (2.5), where i and j run from 1 to 3, read
respectively, where H =ȧ/a is the Hubble parameter. Here, ρ and p are the sum of the energy density and pressure of matters with a constant EoS parameter w i , respectively, where i denotes some component of the matters. Eliminating Q(φ) from Eqs. (2.6) and (2.7), we obtain
We note that the scalar field φ may be taken as φ = t because φ can be redefined properly. We now consider that a(t) is described as a(t) =ā exp (g(t)), whereā is a constant andg(t) is a proper function. In this case, Eq. (2.8) is reduced to
whereρ i is a constant and we have used H = dg(φ)/ (dφ). Moreover, it follows from Eq. (2.6) that Q(φ) is given by
Hence, if we obtain the solution of Eq. (2.9) with respect to P (φ), then we can find Q(φ). Consequently, using Eq. (2.4), we can reconstruct F (R) gravity for any cosmology expressed by a(t) =ā exp (g(t)). In Refs. [7, 11, 12] , specific models unifying the sequence: the early-time acceleration, radiation/matter-dominated stage and dark energy epoch have been constructed. Next, using the above method, we reconstruct an explicit model in which a crossing of the phantom divide can be realized. We start with Eq. (2.9) without matter:
By redefining P (φ) as P (φ) = eg
We explore the following model:
, where C and γ are positive constants, and t 0 is the present time. In this case, Eq. (2.12) is reduced to
Here,p ± are arbitrary constants and β ± are given by β ± = 1 ± 1 + 100γ(γ + 1) /2.
From the above expression ofg(φ), we find thatg(φ) diverges at finite φ when φ = t s ≡ t 0 C −1/(2γ+1) , which tells that there could be the Big Rip singularity at t = t s . We only need to consider the period 0 < t < t s becauseg(φ) should be real number. In this case, the Hubble rate H(t) is given by
where it is taken φ = t.
In the flat FRW background, even for modified gravity described by the action (2.1), the effective energy-density and pressure of the universe are given by ρ eff = 3H 2 /κ 2 and p eff = − 2Ḣ + 3H 2 /κ 2 , respectively. The effective
For the case of H(t) in Eq. (2.13), w eff is expressed as w eff = −1 + U (t), where
. (2.14)
For the case of Eq. (2.13), the scalar curvature R = 6 Ḣ + 2H 2 is expressed as
In deriving Eqs. (2.14) and (2.15), we have used t s = t 0 C −1/(2γ+1) . When t → 0, i.e., t ≪ t s , H(t) behaves as H(t) ∼ 10γ/t. In this limit, it follows from w eff = −1 − 2Ḣ/ 3H 2 that the effective EoS parameter is given by w eff = −1 + 1/ (15γ). This behavior is identical with that in the Einstein gravity with matter whose EoS parameter is greater than −1.
On the other hand, when t → t s , we find H(t) ∼ 10/ (t s − t). In this case, the scale factor is given by a(t) ∼ a (t s − t) −10 . When t → t s , therefore, a → ∞, namely, the Big Rip singularity appears. In this limit, the effective EoS parameter is given by w eff = −1 − 1/15 = −16/15. This behavior is identical with the case in which there is a phantom matter with its EoS parameter being smaller than −1. Thus, we have obtained an explicit model showing a crossing of the phantom divide.
It follows from w eff = −1 − 2Ḣ/ 3H 2 that the effective EoS parameter w eff becomes −1 whenḢ = 0. Solving w eff = −1 with respect to t by using w eff = −1 + U (t), namely, U (t) = 0, we find that the effective EoS parameter crosses the phantom divide at t = t c given by t c = t s −2γ + 4γ 2 + γ/ (γ + 1)
. From Eq. (2.14), we see that when t < t c , U (t) > 0 because γ > 0. Moreover, the time derivative of U (t) is given by
Eq. (2.16) tells that the relation dU (t)/ (dt) < 0 is always satisfied because we only consider the period 0 < t < t s as mentioned above. This means that U (t) decreases monotonously. Thus, the value of U (t) evolves from positive to negative. From w eff = −1 + U (t), we see that the value of w eff crosses −1. Once the universe enters the phantom phase, it stays in this phase, namely, the value of w eff remains less than −1, and finally the Big Rip singularity appears because U (t) decreases monotonically.
As a consequence, P (t) is given by P (t) = (t/t 0 )
j=±p j t βj . Using Eqs. (2.10), we obtain
When t → 0, from H(t) ∼ 10γ/t, we find t ∼ 60γ (20γ − 1) /R. In this limit, it follows from Eqs. (2.4) that the form of F (R) is given by
On the other hand, when t → t s , from H(t) ∼ 10/ (t s − t), we obtain t ∼ t s − 3 140/R. In this limit, it follows from Eqs. (2.4) that the form of F (R) is given by 18) where J ≡ t s −3 140/R. The above modified gravity may be considered as some approximated form of more realistic, viable theory. From Eq. (2.15), we see that in the above limit the scalar curvature diverges, and that the expression of F (R) in (2.18) can be approximately written as
B. Corresponding scalar field theory
In this subsection, motivated by the discussion in Ref. [13] , we consider the corresponding scalar field theory to modified gravity realizing a crossing of the phantom divide, which is obtained by making the conformal transformation of the modified gravitational theory. (In Ref. [14] , the relations between scalar field theories and F (R) gravity have been studied.) By introducing two scalar fields ζ and ξ, we can rewrite the action (2.1) to the following form [1] : 
This is the action in the Jordan-frame, in which there exists a non-minimal coupling between F ′ (ζ) and the scalar curvature R. We make the following conformal transformation of the action (2.21): g µν →ĝ µν = e σ g µν , where e σ = F ′ (ζ). Here, σ is a scalar field and a hat denotes quantities in the Einstein frame, in which the non-minimal coupling between F ′ (ζ) and the scalar curvature R in the first term on the right-hand side of Eq. (2.21) disappears. Consequently, the action in the Einstein frame is given by [15, 16] 
where
2 andĝ is the determinant ofĝ µν . In deriving Eqs. (2.22), we have used e σ = F ′ (ζ). In addition, ζ(σ) is obtained by solving e σ = F ′ (ζ) with respect to ζ as ζ = ζ(ϕ). Defining ϕ as ϕ ≡ 3/2σ/κ, the action (2.22) is reduced to the following form of the canonical scalar field theory:
Taking the variation of the action (2.1) with respect to the metric g µν , we find that the field equation of modified gravity is given by
. When there is no matter, using the (µ, ν) = (0, 0) component and the trace part of the (µ, ν) = (i, j) component of the above gravitational field equation, in the flat FRW background, we obtain
We now investigate the case in which F (R) is given by F (R) = c 1 M 2 R/M 2 −n , where c 1 is a dimensionless constant and M denotes a mass scale. The form of F (R) in Eq. (2.19) corresponds to the above expression with n = −7/2. In this case, the scale factor a(t) and the scale curvature R are given by [13] a(t) = a (t s − t) (n+1)(2n+1)/(n+2) and R = 6n(n + 1)(2n + 1)(4n + 5)(n + 2) −2 (t s − t) −2 , respectively. It follow from dt = ±e σ/2 dt that the relation between the cosmic time in the Einstein framet and one in the Jordan frame is given byt = ∓ √ −nc 1 (n + 2)
n+2 . If n < −2, the limit of t → t s corresponds to that oft → ∓∞. For the case of Eq. (2.19), n = −7/2. Thus, we see that the Big Rip singularity does not appear in finite time for the scalar field theory, although it emerges in the corresponding modified gravitational theory. The metric in the Einstein frame is expressed as dŝ 2 = e σ ds 2 = −dt 2 +â t dx 2 , whereâ(t) is the scale factor in the scalar field theory given byâ(t) =ât
III. FINITE-TIME FUTURE SINGULARITIES IN F (R) GRAVITY
In this section, we examine several models of F (R)-gravity with accelerating cosmological solutions ending at the finite-time future singularities by using the reconstruction technique explained in the preceding section.
First, we consider the case of the Big Rip singularity [17] , in which H behaves as H = h 0 / (t s − t). Here, h 0 and t s are positive constants and H diverges at t = t s . In this case, if we neglect the contribution from the matter, the general solution of (2.9) is given by
when h 0 > 5 + 2 √ 6 or h 0 < 5 − 2 √ 6 and
Here, P + , P − , A 1 and B 1 are constants. Using Eqs. (2.3), (2.4) and (2.10), we find that when R is large, the form of F (R) is given by F (R) ∝ R 1−α−/2 for h 0 > 5 + 2 √ 6 or h 0 < 5 − 2 √ 6 case and F (R) ∝ R (h0+1)/4 × (oscillating parts) for 5 + 2 √ 6 > h 0 > 5 − 2 √ 6 case. Next, we investigate more general singularity H ∼ h 0 (t s − t) −β [18] , where h 0 and β are constants, and h 0 is assumed to be positive and t < t s because it should be for the expanding universe. Even for non-integer β < 0, some derivative of H and therefore the curvature becomes singular. We should also note that in this case the scale factor a behaves as a ∼ exp [h 0 / (β − 1)] (t s − t) −(β−1) + · · · , where · · · expresses the regular terms. From this expression, we find that if β could not be any integer, the value of a, and therefore the value of the metric tensor, would become complex number and include the imaginary part when t > t s , which is unphysical. This could tell that the universe could end at t = t s even if β could be negative or less than −1. We assume β = 1 because I: Finite-time future singularities. Type I includes the case of ρ and p being finite at ts. In case of Type IV, higher derivatives of H diverges. Type IV also includes the case in which p (ρ) or both of them tend to some finite values while higher derivatives of H diverge. Here, ts is the time when a singularity appears and as is the value of a(t) at t = ts.
Type Limit a ρ |p| Type I ("Big Rip") t → ts a → ∞ ρ → ∞ |p| → ∞ Type II ("sudden") t → ts a → as ρ → ρs |p| → ∞ Type III t → ts a → as ρ → ∞ |p| → ∞ Type IV t → ts a → as ρ → 0 |p| → 0 the case β = 1 corresponds to the Big Rip singularity, which has been investigated. Furthermore, because the case β = 0 corresponds to de Sitter space, which has no singularity, we take β = 0. When β > 1, the scalar curvature R behaves as R ∼ 12H 2 ∼ 12h 2 0 (t s − t) −2β . On the other hand, when β < 1, the scalar curvature R behaves as R ∼ 6Ḣ ∼ 6h 0 β (t 0 − t) −β−1 . We may obtain the asymptotic solution for P when φ → t s : (i) For
, where ω ≡ h 0 / [2 (β − 1)], and A 2 and B 2 are constants. When φ → t s , P (φ) tends to vanish. we find the behavior of F (R) (at large R) as summarized in Table II. In the above investigations, we found the behavior of the scalar curvature R from that of H. Conversely, we now consider the behavior of H from that of R. When R evolves as R ∼ 6Ḣ ∼ R 0 (t s − t) −γ , if γ > 2, which corresponds
, and if γ < 1, which corresponds to
, where H 0 is an arbitrary constant and it does not affect the behavior of R. H 0 is chosen
In any case, there appears a sudden future singularity [19] at t = t s . Since the second term in
is smaller than the first one, we may solve Eq. (2.9)
where F 0 and F 1 are constants. When 0 > β > −1, we find 2β/ (β + 1) < 0. On the other hand, when β < −1, we obtain 2β/ (β + 1) > 2. As we saw in F (R) ∝ R 1−α−/2 above, for β < −1, H diverges when t → t s . Since we reconstruct F (R) so that the behavior of H could be recovered, the F (R) generates the Big Rip singularity when R is large. Thus, even if R is small, the F (R) generates a singularity where higher derivatives of H diverge.
We assume that H behaves as
Hence, if −1 < β < 0, ρ eff has a finite value 3H 2 0 /κ 2 in the limit t → t s . If β < −1 but β is not any integer, a is finite and ρ eff and p eff vanish if H 0 = 0 or ρ eff and p eff are finite if H 0 = 0 but higher derivatives of H diverge. We should note that the leading behavior of the scalar curvature R does not depend on
−β , and that the second term in this expression is relevant to the leading behavior of R. We should note, however, that H 0 is relevant to the leading behavior of the effective energy density ρ eff and the scale factor a.
In Ref. [6] , the finite-time future singularities has been classified as shown in Table I . The Type I corresponds to β > 1 or β = 1 case, Type II to −1 < β < 0 case, Type III to 0 < β < 1 case, and Type IV to β < −1 but β is not any integer number. Thus, we have constructed several examples of F (R) gravity showing the above finite-time future singularities of any type. It also follows from the reconstruction method that there appears Type I singularity for F (R) = R +αR n with n > 2 and Type III singularity for F (R) = R −βR −n with n > 0, whereα andβ are constants. In fact, however, even if some specific model contains the finite-time future singularity, one can always reconstruct the model in the remote past in such a way that the finite-time future singularity could disappear. Positive powers of the curvature (polynomial structure) usually help to make the effective quintessence/phantom phase become transient and to avoid the finite-time future singularities. The corresponding examples have been examined in Refs. [3, 18] .
IV. CONCLUSION
In the present article, we have reviewed finite-time future singularities in modified gravity. We have reconstructed an explicit model of modified gravity realizing a crossing of the phantom divide. It has been shown that the Big Rip singularity appears in this modified gravitational theory, whereas that the (finite-time) Big Rip singularity in the modified gravity is transformed into the infinite-time singularity in the corresponding scalar field theory. In addition, we have examined several models of modified gravity which predict accelerating cosmologies ending at the finite-time future singularities of all four known types.
